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Figure 1: An example demonstrating that our error estimation framework for Monte Carlo denoised images reliably estimates
an image’s ground truth relative squared error (RelSE) distribution at different average sample counts (spp). We show that the
RelSE of a denoised pixel 𝑖 follows a scaled noncentral chi-squared distribution, with scale 𝑠2𝑖 and noncentrality 𝜆𝑖 . To estimate
these parameters, we hierarchically aggregate noisy per pixel estimates of error and variance. Knowing 𝑠2𝑖 and 𝜆𝑖 , we can
accurately estimate the image’s error distribution, visualized per pixel (middle) and as the upper half of a logistic-logarithmic
percentile plot (rightmost), leading to a robust stopping criterion for denoised Monte Carlo image synthesis.

ABSTRACT
We present a practical global error estimation technique for Monte
Carlo ray tracing combined with deep learning based denoising.
Our method uses aggregated estimates of bias and variance to deter-
mine the squared error distribution of the pixels. Unlike unbiased
estimates for classical Monte Carlo ray tracing, this distribution
follows a noncentral chi-squared distribution, under reasonable
assumptions. Based on this, we develop a stopping criterion for
denoised Monte Carlo image synthesis that terminates rendering
once a user specified error threshold has been achieved. Our results
demonstrate that our error estimate and stopping criterion work
well on a variety of scenes, and that we are able to achieve a given
error threshold without the user specifying the number of samples
needed.
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1 INTRODUCTION
Monte Carlo algorithms such as path tracing have become the de
facto standard in production rendering [Keller et al. 2015; Chris-
tensen and Jarosz 2016; Pharr 2018], owing to their simplicity of
implementation, ability to handle complex scenes and light trans-
port scenarios, and scalability. Although initially impeded by high
computational costs due to their large sample count requirement,
advances in ray tracing specific hardware as well as image denoising
algorithms have enabled their widespread adoption.

As sample variance between different scenes and across image
space within the same scene is generally inhomogeneous, render-
ing to within an acceptable error threshold can often require some
amount of trial-and-error work as the end user tries to ascertain
a suitable sample count for a given scene. Monte Carlo denoising
which effectively trades variance for bias further complicates this
process as the easily perceived stochastic noise is no longer avail-
able to help guide the artist, and important details may be blurred
out of the image entirely. While recent works have sought to im-
prove the convergence of Monte Carlo denoising through adaptive
sampling [Vogels et al. 2018; Salehi et al. 2022; Firmino et al. 2023],
as well as ensuring consistency [Firmino et al. 2022; Back et al. 2022;
Gu et al. 2022; Back et al. 2023], they do not consider the problem of
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estimating the global error to enable a stopping criterion for Monte
Carlo rendering of a denoised image.

When using an unbiased rendering technique, image error can
simply be estimated using sample variance. This error estimate
can then function as a stopping criterion, and a user can specify a
desired maximum error instead of a sample count [Lee et al. 1985].
With the widespread use of image denoising, we need a di�erent
error estimation method as the denoiser invariably introduces bias
(and an estimator's mean-squared error, MSE, is the sum of its
variance and squared bias). Most denoisers today are based on deep
learning and the bias they introduce is not obvious.

An error-predicting network [Vogels et al.2018], a dual-bu�ering
method [Back et al. 2022], and Stein's unbiased risk estimate (SURE)
[Li et al. 2012; Firmino et al. 2022] have been used to estimate
the MSE of denoised images. We focus on SURE and consider its
suitability for guiding a stopping criterion. Some of the issues we
tackle are that SURE is very noisy for low sample counts and SURE
really estimates the expected value of per pixel squared error and
not the error of a given realization. Based on our investigation, we
present an improved error estimation method practical as a guide
for stopping of Monte Carlo denoised images. Figure 1 provides an
example of our estimated error in comparison to the ground truth
error at 32 and 512 samples per pixel (spp) on average.

2 RELATED WORK
A stopping criterion often goes hand-in-hand with adaptive sam-
pling because an estimate of the distribution of error in a rendered
image can serve both purposes. In unbiased rendering, an estimate
of the variance is an estimate of the squared error. For= samples in
a pixel, the sum of squared di�erences between sample and sample
mean is expected to follow a chi-squared distribution with= � 1
degrees of freedom. An option is then a per-pixel stopping criterion
that changes with the number of samples based on the maximum
tolerated variance and the cumulative distribution function (cdf) of
the chi-squared distribution [Lee et al.1985]. In a di�erent approach,
Dippé and Wold [1985] expect an error inversely proportional to
the square root of the number of samples and estimate the factor
of proportionality using rendered pixel values for several di�er-
ent sample counts. This factor is used to estimate the number of
samples required in a pixel to end up with a pixel error below a
desired bound. Alternatively, the width of a con�dence interval for
the pixel value can be used as a stopping criterion [Purgathofer
1987; Tamstorf and Jensen 1997]. Such early work did not consider
the error of denoised images, but we use the observation that the
squared error follows a chi-squared distribution [Lee et al. 1985].

Adaptive hierarchical integration is a way to improve path trac-
ing convergence by controlling the sampling rate in nodes of a: d
tree [Kajiya 1986]. One approach is to re�ne the: d tree accord-
ing to a variance estimate and the area of each node and then use
a con�dence interval and a coverage condition as the stopping
criterion [Painter and Sloan 1989]. With a focus on directional dis-
continuities in the rendered image (edge-like features), Guo [1998]
uses progressive re�nement of image blocks to locate the parts of
an image that require more samples. For every progressive update,
each of the few selected pixels in each block is rendered using the
hierarchical integration of Kajiya [1986] with the stopping criterion

of Painter and Sloan [1989]. We take inspiration from this early
work and use a: d tree to adaptively split the image into blocks
that we use for averaging of noisy per-pixel SURE estimates.

Mitchell [1987] uses a contrast threshold to have a per-pixel
stopping criterion more closely related to visual perception of error.
The contrast of a pixel is computed from di�erent sample values
obtained in a supersampling cell. Other work has applied a percep-
tually based threshold model too [Bolin and Meyer 1998; Ramasub-
ramanian et al. 1999; Myszkowski 2002]. We incorporate spatial
contrast sensitivity in our method with inspiration from theFlip
error metric by Andersson et al. [2020].

Various stopping criteria are based on di�erent pixel quality
metrics. One approach is to use entropy from information theory
and keep re�ning the image until the samples in a region provide
su�ciently homogeneous information [Rigau et al. 2003a,b; Xu
et al. 2007]. Another metric is based on fuzziness from fuzzy set
theory [Xu et al. 2006]. Some researchers train a discriminator to
learn binary human noise classi�cation (noisy or not) and use it as
a stopping criterion with no user parameter [Constantin et al. 2016;
Takouachet et al. 2017; Buisine et al. 2021a,b]. These approaches
however do not perform error estimation, so we cannot use them
to render an image to be approximately within some error bound.

To have a robust stopping criterion, biased rendering techniques
need an error estimation framework di�erent from the variance-
based approach used for unbiased techniques [Overbeck et al. 2009;
Hachisuka et al. 2010]. Denoising introduces bias and its application
means that another error estimation framework is needed regard-
less of the technique used for rendering the input to the denoiser.
Such error estimation and associated stopping criteria have been
derived for non-neural denoisers [Moon et al. 2013; Kalantari and
Sen 2013]. In the case of neural denoisers, probabilistic error bounds
are not as easily derived.

Because the neural denoiser is more of a black box, we need
more general error estimation techniques. These are either expen-
sive to evaluate or di�cult to bound. One approach is per-pixel
error estimation based on the di�erence between two images ren-
dered with equal sample count (dual-bu�ering) [Dammertz et al.
2010; Rousselle et al. 2012]. Dammertz et al. [2010] combined this
approach with a hierarchical re�nement of image blocks similar
to ours. Back et al. [2022] used the dual-bu�er approach together
with a neural denoiser, but this requires rendering and denoising of
two images for each iteration. An error-predicting network [Vogels
et al. 2018] depends on its training dataset and may be arbitrarily
o�, making it hard to bound even probabilistically. Use of SURE is
another general error estimation technique [Li et al. 2012; Rousselle
et al. 2013] that has been used with neural denoising [Firmino et al.
2022, 2023]. The usefulness of SURE for estimating the global image
error in the context of neural denoising of Monte Carlo rendered
images is however unknown. Thus, we use hierarchical image block
re�nement to improve SURE-based error estimation for neural de-
noising and develop a stopping criterion for denoised Monte Carlo
rendering based on this error estimation.

3 ERROR ESTIMATION FRAMEWORK
Our proposed framework is based on estimating the squared error
distribution over a Monte Carlo denoised image. In Section 3.1, we
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