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Abstract

In this paper we proposea nenv approachto numerical smole
simulationfor computergraphicsapplications. The methodpro-
posedhereexploits physicsuniqueto smole in orderto designa
numericalmethodthat is both fastand efficient on the relatively
coarsegrids traditionally usedin computergraphicsapplications
(as comparedto the much finer grids usedin the computational
fluid dynamicsliterature). We usethe inviscid Euler equationsin
our model, sincethey are usually more appropriatefor gasmod-
eling andlesscomputationallyintensve thanthe viscousNavier-
Stokesequationsisedby others.In addition,we introducea physi-
cally consistentorticity confinementermto modelthesmallscale
rolling featurescharacteristicof smole that are absenton most
coarsarid simulations.Our modelalsocorrectlyhandlegheinter-
actionof smole with moving objects.

Keywords: Smole, computationafluid dynamics,Navier-Stokes equationsEuler
equations Semi-Lagrangiamethods stablefluids, vorticity confinementparticipat-
ing media

1 Introduction

Themodelingof naturalphenomenauchassmole remainsachal-
lengingproblemin computergraphics(CG). Thisis not surprising
since the motion of gasessuchas smole is highly comple and
turbulent. Visual smole modelshave mary obviousapplicationsn

theindustryincludingspeciakeffectsandinteractve gameslideally,

a good CG smole modelshouldboth be easyto useand produce
highly realisticresults.

Ohviously the modelingof smole and gasesis of importance
to other engineeringfields aswell. More generally the field of
computationafluid dynamicgCFD)is devotedto the simulationof
gasesndotherfluids suchaswater Only recentlyhaveresearchers
in computergraphicsstartedto excavatethe abundantCFD litera-
turefor algorithmsthat canbe adoptedandmodifiedfor computer
graphicsapplications Unfortunately currentCG smole modelsare
eithertoo slow or suffer from too muchnumericaldissipation.In
this paperwe adapttechniquedrom the CFD literaturespecificto
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the animationof gasesuchassmole. We proposea modelwhich
is stable,rapid and doesnt sufier from excessve numericaldis-
sipation. This allows usto produceanimationsof complex rolling
smole evenonrelatively coarsegrids(ascomparedo theonesused
in CFD).

1.1 Previous Work

Themodelingof smole andothergaseouphenomenaasreceved
alot of attentionfrom the computergraphicscommunityover the
lasttwo decadesEarly modelsfocusednaparticularphenomenon
andanimatedhesmole’s densitydirectly without modelingits ve-
locity [10, 15, 5, 16]. Additional detailwasaddedusingsolid tex-
tureswhoseparametersvere animatedover time. Subsequently
randonmvelocity fieldsbasednaKolmogorof spectrumwereused
to modelthe complex motioncharacteristiof smole [18]. A com-
montrait sharedby all of theseearly modelsis thatthey lack ary
dynamicalfeedback.Creatinga corvincing dynamicsmole simu-
lationis atime consumingaskif left to theanimator

A morenaturalway to modelthemotionof smole is to simulate
the equationsof fluid dynamicsdirectly. Kajiya andVon Herzen
werethefirst in CG to do this [13]. Unfortunately the computer
power available at the time (1984) only allowed themto produce
resultson very coarsegrids. Exceptfor somemodelsspecificto
two-dimensiong$21, 9], no progressvasmadein this directionun-
til the work of FosterandMetaxag[7, 6]. Their simulationsused
relatively coarsegridsbut producechice swirling smole motionsin
three-dimensionsBecauseheir modelusesan explicit integration
schemetheir simulationsareonly stableif the time stepis chosen
small enough. This makestheir simulationsrelatively slow, espe-
cially whenthefluid velocity is largeanywhere in thedomainof in-
terest.To alleviate this problemStamintroduceda modelwhich is
unconditionallystableandconsequentlgouldberun at ary speed
[17]. Thiswasachiered usinga combinationof a semi-Lagrangian
adwectionschemesndimplicit solvers. Because first orderinte-
grationschemewas used,the simulationssufiered from too much
numericaldissipation Althoughtheoverallmotionlooksfluid-like,
smallscalevorticestypical of smole vanishtoo rapidly.

Recently Yngve et al. proposedsolving the compressible/er
sionof theequationf fluid flow to modelexplosions[22]. While
the compressibleequationsare useful for modeling shockwaves
and other compressiblephenomenathey introducea very strict
time steprestrictionassociateavith theacoustiovaves.Most CFD
practitionersavoid this strict conditionby usingtheincompressible
equationsvhen&er possible. For that reasonwe do not consider
the compressiblelow equations. Another interestingalternatve
whichwe do not pursuen this papetis the useof lattice gassolvers
basedn cellularautomatd4].

1.2 Our Model

Our model was designedspecifically to simulate gasessuch as
smole. We modelthesmole’s velocity with theincompressibl&u-
ler equations Theseequationsaresolved usinga semi-Lagrangian
integration schemefollowed by a pressure-Poissoequationasin
[17]. This guaranteethatour modelis stablefor ary choiceof the
time step. However, one of our main contrikutions is a method



to reducethe numericaldissipationinherentin semi-Lagrangian
schemesWe achie/e this by usinga techniquefrom the CFD lit-
eratureknowvn as”vorticity confinement[20]. The basicideais
to inject the enepgy lost dueto numericaldissipationbackinto the
fluid usingaforcing term. This forceis designedspecificallyto in-
creasahevorticity of theflow. Visually this keepsthe smole alive
over time. This forcing termis completelyconsistentvith the Eu-
ler equationsdn the sensethatit disappearssthe numberof grid
cellsisincreasedIn CFD thistechniquevasappliedto the numeri-
calcomputatiorof comple turbulentflow fieldsaroundhelicopters
whereit is not possibleto addenoughgrid pointsto accuratelyre-
solvetheflow field. Thecomputatiorof theforce only addsasmall
computationabverhead.Consequentlyur simulationsarealmost
asfastasthe ones obtainedrom the basicStableFluidsalgorithm
[17]. Our model remainsstableaslong as the magnitudeof the
forcing termis kept belav a certainthreshold. Within this range,
our time stepsare still ordersof magnitudehigher thanthe ones
usedin explicit schemes.

Semi-Lagrangiarschemesre very popularin the atmospheric
sciencecommunityfor modelinglarge scaleflows dominatedby
constantidvectionwherelargetime stepsaredesiredseee.g.[19]
for areview. We borron from this literaturea higherorderinter
polationtechniquethat further increaseghe quality of the flows.
This techniqueis especiallyeffective whenmoving densitiesand
temperaturethroughthevelocity field.

Finally, our model,like FosterandMetaxas’[6], is ableto han-
dle boundariesnsidethe computationatlomain.Thereforewe are
able to simulatesmole swirling aroundobjectssuchas a virtual
actor

Therestof the paperis organizedasfollows. In thenext section
we derive our modelfrom the equationf fluid flow, andin section
3 we discussvorticity confinement. In section4, we outline our
implementation.In section5, we presenboth aninteractve anda
high quality photonmapbasedenderetto depictour smole simu-
lations. Subsequent)yin section6, we presensomeresults,while
section7 concludesaanddiscusse$uturework.

2 The Equations of Fluid Flow

At theoutsetwe assuméhatour gasesanbe modeledasinviscid,
incompressible constantdensity fluids. The effects of viscosity
arengyligible in gasesespeciallyon coarsegrids wherenumerical
dissipationdominatesphysicalviscosity and moleculardiffusion.
Whenthe smole’s velocity is well belav the speedof soundthe
compressibilityeffectsarenegligible aswell, andtheassumptiorof
incompressibilitygreatlysimplifiesthe numericaimethods Conse-
quently the equationghatmodelthe smole’s velocity, denotedby
u = (u,v,w), aregiven by the incompressibleEuler equations
(14]

‘?9_:1 = —(u-V)u—Vp+f. 2)

Thesetwo equationsstatethat the velocity shouldconsere both
mass(Equationl) andmomentum(Equation2). The quantityp is
the pressureof the gasandf accountdor externalforces.Also we
have arbitrarily setthe constandensityof thefluid to one.

Asin [7, 6, 17] we solve theseequationdn two steps.Firstwe
computean intermediatevelocity field u* by solving Equation2
over atime stepAt withoutthe pressurgerm

u' —u
At

After this stepwe force the field u* to be incompressiblaisinga
projectionmethod[3]. Thisis equivalentto computingthepressure

—(a-V)u+f. (3)

from thefollowing Poissorequation

2 1 *

Vip= Atv u (4)
with pure Neumanrboundarycondition,i.e., g—ﬁ = 0 atabound-
ary pointwith normaln. (Notethatit is alsostraightforvardto im-
poseDirichlet boundaryconditionswherethe pressurés specified
directly asopposedo specifyingits normalderivative.) Theinter
mediatevelocity field is then madeincompressibléy subtracting
thegradientof the pressurdrom it

u=u" — AtVp. (%)

We also needequationsor the evolution of both the tempera-
tureT andthesmole’s densityp. We assumehatthesetwo scalar
quantitiesaresimply moved (advected)alongthe smole’s velocity

orT
& =~V )
X = @ 7)

Both the densityandthe temperatureaffect the fluid’s velocity.
Heavy smoletendgto fall dovnwardsdueto gravity while hotgases
tendto rise dueto buayang. We usea simplemodelto accountor
theseeffects by defining external forcesthat are directly propor
tional to thedensityandthetemperature

fbuoy = —Qpz + ﬂ(T - Tamb)za (8)

wherez = (0,0, 1) pointsin the upward vertical direction, Tamb
is theambienttemperaturef the air anda andg aretwo positive
constantsvith appropriateunits suchthat Equation8 is physically
meaningful. Note thatwhenp = 0 andT = T,nm, this forceis
zero.

Equation, 6 and7 all containtheadwectionoperator—(u- V).
Asin [17], wesolvethistermusingasemi-Lagrangiamethod19].
We solwe the Poissonequation(Equation4) for the pressurausing
aniterative solver. We shav in Sectiord how thesesolverscanalso
handlebodiesimmersedn thefluid.

3 \Vorticity Confinement

Usually smole and air mixturescontainvelocity fields with large

spatialdeviationsaccompanietly asignificantamounbf rotational
and turbulent structureon a variety of scales. Nonphysicalnu-

merical dissipationdampsout theseinterestingflow features,and
the goal of our new approachis to addthem back on the coarse
grid. Oneway of addingthembackwould beto createa randomor

pseudo-randorsmall scaleperturbationof the flow field usingei-

thera heuristicor physicallybasednodel. For example,onecould

generatea divergencefree velocity field usinga Kolmogorw spec-
trum andaddthis to the computediow field to representhe miss-
ing smallscalestructure(see[18] for someCG applicationsof the

Kolmogorar spectrum). While this provides small scaledetail to

theflow, it doesnot placethe small scaledetailsin the physically
correctlocationswithin theflow field wherethe small scaledetails
aremissing. Instead the detailsareaddedin a haphazardashion
andthe smole can appearto be “alive”, rolling and curling in a

nonphysicalfashion. The key to realistic animationof smole is

to male it look like a passve naturalphenomenasopposedo a

“living” creatureanadeout of smole.

Our methodlooks for the locationswithin the flow field where
small scalefeaturesshouldbe generatedcaind addsthe small scale
featuresin theselocationsin a physically basedfashionthat pro-
motesthe passie rolling of smole thatgivesit the realisticturbu-
lentlook on a coarseCG grid. With unlimited computingpowetr,
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Figurel: Discretizationof the computationatiomaininto identical
voxels (left). The componentof the velocity are definedon the
facesof eachvoxel (right).

ary consistentnumericalmethodcould be usedto obtain accept-
able resultssimply by increasingthe numberof grid points until
the desiredlimiting behaior is obsened. However, in practice,
computationakesourcesare limited, grids arefairly coarse(even
coarselin CG thanin CFD), andthe discretedifferenceequations
may not be asymptoticallyclose enoughto the continuousequa-
tionsfor a particularsimulationto behae in thedesiredphysically
correctfashion. Our key ideais to designa consistentnumerical
methodthatbehaesin aninterestingandphysicallyplausiblefash-
ion on a coarsegrid. In general,this is very difficult to do, but
luckily a vorticity confinementmethodwas recentlyinventedby
Steinhof, seee.g.[20], for the numericalcomputatiorof complex
turbulentflow fields aroundhelicopterswhereit is not possibleto
addenoughgrid pointsto accuratelyresohe theflow.

The first stepin generatinghe small scaledetail is to identify
whereit comesfrom. In incompressibldlow, the vorticity

w=Vxu 9)

providesthe smallscalestructure Eachsmallpieceof vorticity can
be thoughtof asa paddlewheeltrying to spin the flow field in a
particulardirection. Artificial numericaldissipationdampsout the
effect of thesepaddlewheels,andthe key ideais to simply addit
back.First normalizedvorticity locationvectors

N="T ' (g= V| (10)
nl

that point from lower vorticity concentrationgo higher vorticity

concentrationsrecomputed.Thenthe magnitudeanddirectionof

thepaddlewheelforceis computedas

feont = € b (N x w) (11)

wheree > 0 is usedto control the amountof small scaledetail
addedbackinto the flow field andthe dependencen the spatial
discretizatiorh guaranteethatasthemeshis refinedthephysically
correctsolutionis still obtained.

This techniguewas inventedby Steinhof about10 yearsago
with a form similar to Equation11 without the dependencen h,
seefor example[20]. This methodhasbeenusedsuccessfullyasan
engineeringnodelfor very comple flow fields,suchasthoseasso-
ciatedwith rotorcraft,whereone cannotcomputationallyafford to
addenoughgrid pointsto resole theimportantsmallscalefeatures
of theflow.

4 Implementation

We usea finite volume spatialdiscretizationto numericallysolve
the equationsof fluid flow. As shawn in Figurel, we dice up the

Figure2: Semi-Lagrangiamathsthatendup in a boundaryvoxel
areclippedagainsthe boundariesface.

computationalomaininto identicalvoxels. Thetemperaturethe
smole’s densityandthe externalforcesaredefinedat the centerof

eachvoxel while the velocity is definedon the appropriatevoxel

facegq(seeFigurel, right). Noticethatthis arrangemenis identical
to that of FosterandMetaxas[6] but differsfrom the oneusedby

Stam[17] wherethe velocity was definedat the voxel centersas
well. Ourstaggeredyrid arrangemenf thevelocity field givesim-

provedresultsfor numericaimethodswith lessartificial dissipation.
SeeappendixA for moredetailson our discretization.

To handleboundariesmmersedin the fluid we tag all voxels
thatintersectan objectasbeingoccupied.All occupiedvoxel cell
faceshave their velocity setto that of the object. Similarly, the
temperaturatthecenterof theoccupiedvoxelsis setto theobjects
temperatureConsequentlananimatorcancreatemary interesting
effects by simply moving or heatingup an object. The smole’s
densityis of courseequalto zeroinside the object. However, to
avoid a suddendrop-of of the densitynearthe objects boundary
we setthe densityat boundaryvoxels equalto the densityof the
closestunoccupied/oxel.

Our solver requirestwo voxel grids for all physicalquantities.
We adwanceour simulationby updatingone grid from the other
over a fixed time stepAt. At the endof eachtime stepwe swap
thesegrids. Thegrid mayinitially containsomeuserprovideddata,
but in mostcaseghe grids are simply empty We first updatethe
velocity component®f thefluid. Thisis donein threesteps.First,
we addtheforcefieldsto the velocity grid. Theforcesincludeuser
suppliedfields, the buoyang force definedby Equation8 andthe
new confinemenfforce definedby Equation11. This is doneby
simply multiplying eachforce by thetime stepandaddingit to the
velocity (seeappendixA). Next we solwve for the advectiontermin
Equation3. We do this usinga semi-Lagrangiaischemesee[19]
for areview and[17] for its first applicationin computergraphics.

The semi-Lagrangiaralgorithm builds a new grid of velocities
from the onesalreadycomputedby tracingthe midpointsof each
voxel facethroughthe velocity field. New velocitiesarethenin-
terpolatedatthesepointsandtheir valuesaretransferredo theface
cellsthey originatedrom. It is possiblehatthepointendsupin one
of theoccupiedvoxels. In this casewe simply clip the pathagainst
the voxel boundaryasshavn in Figure2. This guaranteethatthe
point alwayslies in the unoccupiedluid. Simplelinearinterpola-
tion is easyto implementandcombinedwith our new confinement
force gives satisactoryresults. It is also unconditionallystable.
Higherorderinterpolationschemesre,however, desirableén some
casedor high quality animations. The tricky partwith higheror-
derschemess thatthey usuallyovershoothedatawhich resultsin



instabilities. In appendixB we provide a cubicinterpolatorwhich
doesnotovershoothedata.

Finally we forcethe velocity field to consere mass.As already
statedin section2, this involvesthe solutionof a Poissorequation
for the pressurgEquation4). The discretizationof this equation
resultsin a sparsdinearsystemof equationsWe imposefree Neu-
mannboundaryconditionsattheoccupiedvoxelsby settingthenor
mal pressurgyradientequalto zeroatthe occupiedboundaryfaces.
The systemof equationss symmetric,andthe mostnaturallinear
solwer in this caseis the conjugategradientmethod. This method
is easyto implementand hasmuchbettercorvergenceproperties
than simplerelaxationmethods. To improve the corvergencewe
usedanincompleteCholeskipreconditioner Thesetechniquesre
all quite standardandwe referthereaderto the standardext [11]
for moredetails.In practicewe foundthatonly about20 iterations
of this solver gave us visually acceptableesults. After the pres-
sureis computedwe subtractits gradientfrom the velocity. See
appendixA for theexactdiscretizatiorof the operatorsnvolved.

After the velocity is updated,we adwect both the temperature
andthe smole’s density We solwe theseequationsusingagaina
semi-Lagrangiascheme.n this case however, we tracebackthe
centersof eachvoxel. The interpolationschemes similar to the
velocity case.

5 Rendering

For every time step,our simulatoroutputsa grid that containsthe
smole’s densityp. In this sectionwe presenglgorithmsto realisti-
cally renderthe smole undervariouslighting conditions.We have
implementedotharapid hardwarebasedendererasin [17] anda
high quality globalillumination renderetasedon the photonmap
[12]. The hardware basedrendererprovides rapid feedbackand
allows ananimatorto getthe smole to “look right”. The moreex-
pensve physics-basedendereris usedat the endof the animation
pipelineto getproductionquality animationsof smole.

We first briefly recall the additionalphysicalquantitiesneeded
to characterizeheinteractionof light with smole. The amountof
interactionis modeledby the inverseof the meanfree pathof a
photonbeforeit collideswith the smole andis calledthe extinc-
tion coeficient o:. The extinction coeficientis directly relatedto
the densityof the smole throughan extinction cross-sectiotexs :
o+ = Cexsp. At eachinteractionwith the smole a photonis either
scatteredor absorbed. The probability of scatteringis called the
albedoQ. A valueof thealbedonearzerocorrespondso very dark
smole, while avaluenearunity modelsbright gasesuchassteam
andclouds.

In generalthe scatteringof light in smole is mostly focusedin
theforwarddirection. Thedistribution of scatteredight is modeled
througha phasefunction p(6) which givesthe probability thatan
incidentphotonis deflectedby ananglef. A corvenientmodelfor
thephasedunctionis the Heryey-Greensteirfunction

l—g2
(14 g2 — 2gcos§)3/2’

p(0) = (12)

wherethe dimensionlesparametely < 1 modelsthe anisotroy
of the scattering Valuesnearunity of this parametecorrespondo
gaseswhich scattermostly in the forward direction. We mention
thatthis phase&unctionis quite arbitraryandthatotherchoicesare
possible[1].

5.1 Hardware-Based Renderer

In our implementatiorof the hardware-basedendererwe follow
the algorithm outlined in [17]. In a first pass,we computethe
amountof light that directly reachesachvoxel of the grid. This

is achiered usinga fastBresenhantine draving voxel traversalal-
gorithm [8]. Initially the transparenciesf eachray aresetto one
(Tray = 1). Then,eachtime avoxel is hit, thetransparengcis com-
putedfrom the voxel's density: Tyox = exp(—Cexth), Whereh is
thegrid spacing.Thenthevoxel'sradiances setto

Lvox =Q Llight (1 - Tvox) Tray,

while thetransparengcof therayis simply multiplied by thevoxel's
transparent Tray = TrayTvox. Sincethetransparengof theray
diminishesasit traversesthe smole’s densitythis passcorrectly
mimicsthe effectsof self-shadwing.

In asecondhasswe renderthevoxel grid from front to back.We
decomposé¢hevoxel grid into a setof two-dimensionagrid-slices
alongthe coordinateaxis mostalignedwith the viewing direction.
Theverticesof this grid-slicecorrespondo thevoxel centers Each
sliceis thenrenderedasa setof transparentjuads. The color and
opacity at eachvertex of a quadcorrespondo the radianceL.ox
andtheopacityl — Tvox, respectiely, of the correspondingoxel.
Theblendingbetweerthedifferentgrid sliceswhenrenderedrom
front to backis handledby the graphicshardvare.

5.2 Photon Map Renderer

Realisticrenderingof smole with a high albedo(suchaswaterva-
por) requiresa full simulationof multiple scatteringof light inside
the smole. This involvessolvingthe full volumerenderingequa-
tion [2] describingthe steady-statef light in the presencef par
ticipating media. For this purposewe usethe photonmappingal-
gorithmfor participatingmediaasintroducedn [12]. Thisis atwo
passalgorithmin which thefirst passconsistof building avolume
photonmap by emitting photonstowardsthe mediumand storing
theseasthey interactwith the medium. We only storethe photons
correspondingo indirectillumination.

In therenderingpasswe usea forward ray marchingalgorithm.
We have found this to be superiorto the backward ray marching
algorithmproposedn [12]. The forward ray marchingalgorithm
allows for amoreefficient culling of computationsn smole thatis
obscuredy othersmole. In additionit enables moreefficientuse
of the photonmapby allowing usto uselessphotonsin the query
asthe ray marchergetsdeeperinto the smole. Our forward ray
marcherhastheform

Ln(2n,&) = Lo—1(xn-1,&) + ¢ " Azp (& - V) Ls(zh, &)
(13)

wherer(z,) = f;o" o dz istheopticaldepth,L, is thefractionof

theinscatteredadiancehatis scatteredn directiond, Az, > 0is

thesizeof thenth step,zn4+1 = =, + Az, andz;, is arandomly

chosenlocationin the nth sgyment. The factore™"(*») canbe

consideredheweightof the nth sgment,andwe usethis valueto

adjusttherequiredaccurag of the computation.

The contribution dueto in-scatteredadiance L;, is givenby

(@ 9)La(2,3) = Q ov(x) / Li(a, 3)p(@, &, 3) d’ (14)
4T

We split the inscatteredadianceinto a singlescatteringerm, L,
anda multiple scatteringterm, L,,. The single scatteringtermis
computedusing standardray tracing, and the multiple scattering
termis computedusingthevolumeradiancesstimatefrom the pho-
ton mapby locatingthen,, nearesphotons.This gives:

W = = B ()l @
(& )L () = 3 2T,

3mre (15)
1

Here®, is thepower of thepth photonandr is the smallestsphere
enclosinghen, photons.



Figure6: Two stills from therotoranimation.A box s rotatinginsidethe smole cloudcausingt to disperse Notice how thesmole is sucled
in vertically towardsthe box asit is pusheutwardshorizontally Thesimulationtime for a 120x60x12Qrid wasroughly 60 seconds/frame.

Figure3: Risingsmole. Notice how the vorticiesarepreseredin Figure5: Rising smole swirling arounda sphere.Notice how the
thesmole. Thesimulationtime for a 100x100x4@Qyrid wasroughly smole correctlymovesaroundthe sphere.The simulationtime for
30seconds/frame. a90x135x90grid wasroughly 75 seconds/frame.

*
1

Figure4: Low albedosmole passinghroughsereralobjects.Each

objectinteractswith thesmole andcausesocalturbulenceandvor- Figure7: Six framesrenderedusingour interactize hardvare ren-
ticity. The simulationtime for a 160x80x80grid was roughly 75 dererof the smole. The simulationtime for a 40x40x40grid was
seconds/frame. roughly 1 second/frame.
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Figure 8: Comparisonof linear interpolation(top) and our new
monotoniccubicinterpolation(bottom). The simulationtime for a
20x20x40grid wasroughly 0.1 second/framélinear) and 1.8 sec-
onds/framgthird order).

6 Results

This sectioncontainssereral examplesof smole simulations. We
have run mostof the simulationsncludingtherenderingon adual-
Pentium3-80®r comparablenachine.Theimagesn Figures 3-6
have beenrenderedat a width of 1024 pixels using4 sampleer
pixel. Thesephotonmaprenderingsveredoneusing1-2 million
photonsin the volume photonmapandthe renderingtimesfor all
the photonmapimagesare20-45minutes.

Figure 3 is a simpledemonstratiorof smole rising. The only
external force on the smole is the naturalboyang/ of the smole
causingit to rise. Notice how even this simple caseis enoughto
createarealisticandswirly apperancef thesmole. Figures 4 and
5 demonstratéhatour solver correctlyhandlegheinteractionwith
objectsimmersedn the smole. Theseobjectsneednot be atrest.
Figure 6 shaws two stills from ananimationwherea rotatingcube
is insidea smole cloud. Therotationof the cubecauseghe smole
to be pushedout horizontally and sucled in vertically. The grid
resolutionsandthe costof eachtime steparereportedn thefigure
captions.

Figure 7 shaws six framesof an animationrenderedusingour
interactve renderer The renderingtime for eachframe wasless
thana secondon a nVidia Quadrographicscard. The speedwhile
not real-time,allowed an animatorto interactvely placedensities
andheatsourcesn thesceneandwatchthesmole raiseandbillow.

Finally, Figure 8 demonstratethe benefitsof usinga higheror-
derinterpolantin the semi-Lagrangiarscheme.The threepictures
on thetop shawv the appearancef falling smole usinga linearin-
terpolant,while the pictureson the bottom shav the samesmole
usingour newv monotoniccubicinterpolant.Clearly the new inter
polationreduceghe amountof numericaldissipatiorandproduces
smole simulationswith morefine detail.

7 Conclusions

In this paperwe proposeda newv smole modelwhich is bothstable
anddoesnot suffer from numericaldissipation. We achieved this
throughthe useof a new forcing term that addsthe lost enegy
backexactly whereit is neededWe alsoincludedtheinteractionof
objectswith our smole. We believe thatour modelis idealfor CG
applicationswherevisualdetailandspeedarecrucial.

We think thatvorticity confinements a very elegantandpower-
ful technique.We areinvestigatingvariantsof this techniquecus-
tomtailoredfor otherphenomenauchasfire. We arealsoinvesti-
gatingtechniquego improve the interactionof the smole with ob-
jects. In our currentmodelobjectsmay sometimesetoo coarsely
samplednthegrid.
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A Discretization

We assumea uniform discretizationof spaceinto N3 voxels with
uniform spacingh. The temperatureandthe smole’s densityare
bothdefinedat the voxel centersanddenotedcby

Ti,j,k and Pi.j.ks iaj;k: 11"'aNa
respectrely. The velocity on the otherhandis definedat the cell

faceslt isusualin theCFDliteratureto usehalf-wayindex notation
for this

Uit1/2,5,k) i=05"'7Na j,k=1,"',N,
Vi, j+1/2,k>» j=07"'7N7 i7k=11"'7N7
Wi,j,k+1/2, k=0a"'7N7 15.7=157N

Using thesenotationswe cannow definesomediscreteoperators.
Thedivergences definedas

(V-wije = (Wit1/2,4k — Uim1/2,4,6 +
Vij41/2,k — Vij-1/2,k T

Wi,j,k+1/2 — wi,j,k—l/?)/h
while thediscretegradientsare(note Vp = (pz, py,p:))
(Pi+1,4,6 — Pijk)/ b,

(Pi,j+1,k — Pije) /By
(Pij,k+1 = Pijk) /b

(pm)i+1/2,j,k

(Py)ij+1/20 =

(pz)i,j,k+1/2 =
Thediscretelaplacianis simply the combinationof thedivergence
and the gradientoperators. The discreteversionof the vorticity

w = (w',w?, w?) is definedasfollows. Firstwe computethe cell-
centeredrelocitiesthroughaveraging

Bije = (Wim1/2,4k + Uir1/2,5,6)/2,
Uik = (Uij—1/2,5 +Vij41/2,5)/2,
Wijke = (Wijk—1/2 +Wijkt1/2)/2.
Then
Wijk (Wi,j4+1,k — Wij—1,k — Vijk+1 + Vijk—1)/2h,
wij (Wi, g k41 — Ui k—1 — Wit1,5,k + Wi—1,5,)/2h,
w?,j,k = (Vit+1,5.6 — Vi-1,4,k — Ui j+1,k + Tij—1,6)/2h.



Figure 9: Standardcubic Hermite interpolation (left) produces
overshootswhile our modified interpolationscheme(right) guar
anteeghatno overshootoccur

All of our force fields are definedat the centerof the grid voxels.
To getvaluesatthefaceswe simply averageagain.If theforcefield
f = (f', f2, f*), thenthevelocity is updatedas

At (flin+ Fronin) /2,
vigarze = At(fik+ flirie)/2,
At (fig,j,k + fis,j,k+1)/2'

Uir1/2,56 +=
Wijk+1/2 T =

B Monotonic Cubic Interpolation

In this appendixwe presenta cubic interpolationschemewhich
doesnot overshootthe data. Since our voxel grids are regular
the three-dimensionahterpolationcanbe broken down into a se-
guenceof one-dimensionalnterpolationsalong each coordinate
axis. Thereforeijt is suficientto describeheone-dimensionatase
only. Thedataconsistof asetof valuesf;, definedatthelocations
k=0,---,N. Avalueatapointt € [t, tr+1] canbeinterpolated
usinga Hermiteinterpolantasfollows [8]

f(t) = as(t — tk)s +a2(t — tk)2 + (l1(t — tk) + ao,

where
a3 = dp+drpt1— Ag
ar = 3Ar—2dy —dr+1
ai = dk
a = fr

and

de = (for1 — fr-1)/2, Ap = fot1 — fr-

However, this interpolantusually overshootshe dataaswe shav
on the left handside of Figure 9. We want to avoid this, since
monotondnterpolationguaranteestability. Onesolutionis to sim-
ply clip theinterpolationagainstthe data,but this resultsin sharp
discontinuities. Another remedyis to force the interpolantto be
monotonicover eachintenal [tx, tx+1]. A necessargonditionfor
this to bethe cases that

sign(dy) = sign(dr+1) = sign(Ayg)
dy =dp+1=0

Ap #0
Ap =0

In ourimplementatiorwe first computeA andthensetthe slopes
to zerowheneer they have a signdifferentfrom Ay. Ontheright
handsideof Figure9, we shav the our new interpolantappliedto
thesamedata.Clearlythe overshootingproblemis fixed.
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