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Figure 1: Rendered images of the components in milk as well as mixed concentrations. The optical properties of the components and the milk have been
computed using the generalization of the Lorenz-Mie theory presented in this paper. From left to right the glasses contain: Water, water and vitamin B2, water
and protein, water and fat, skimmed milk, regular milk, and whole milk.

Abstract

1

This paper introduces a theoretical model for computing the scattering properties of participating media and translucent materials. The
model takes as input a description of the components of a medium
and computes all the parameters necessary to render it. These parameters are the extinction and scattering coefficients, the phase
function, and the index of refraction. Our theory is based on a robust generalization of the Lorenz-Mie theory. Previous models using Lorenz-Mie theory have been limited to non-absorbing media
with spherical particles such as paints and clouds. Our generalized
theory is capable of handling both absorbing host media and nonspherical particles, which significantly extends the classes of media
and materials that can be modeled. We use the theory to compute
optical properties for different types of ice and ocean water, and we
derive a novel appearance model for milk parameterized by the fat
and protein contents. Our results show that we are able to match
measured scattering properties in cases where the classical LorenzMie theory breaks down, and we can compute properties for media that cannot be measured using existing techniques in computer
graphics.

Participating media and scattering materials are all around us. Examples include the atmosphere, ocean water, clouds, and translucent materials such as milk, ice, and human skin. In order to render these media, it is necessary to know the optical properties that
describe how light interacts with the media. These scattering properties can be acquired by measurements, by manual adjustment to
match the desired appearance, or by use of a theoretical model.
In this paper, we present a novel theoretical model capable
of computing the scattering properties of a large class of natural media and materials. Our model is based on the LorenzMie theory [Lorenz 1890; Mie 1908], which is a complete solution to Maxwell’s equation for scattering of electromagnetic
waves by a homogeneous, spherical particle embedded in a nonabsorbing medium. This theory was introduced to graphics by
Rushmeier [1995], and it has been used to compute the optical properties of pigmented materials [Callet 1996], for example paints and
plastics in a transparent solvent, and for rendering of atmospheric
phenomena [Jackèl and Walter 1997; Riley et al. 2004].
The classical Lorenz-Mie theory is limited to spherical particles
in a non-absorbing host medium. This is one of the reasons why
it has only been applied to pigmented materials and atmospheric
phenomena such as clouds of round water droplets. For many other
media and materials the host is absorbing. The refractive index of
an absorbing host is a complex number. This complex index of refraction cannot be used directly with the classical theory since the
standard evaluation techniques become unstable. We present a generalized version of the theory which includes robust evaluation formulas for the case where the host medium is absorbing. We show
how the correct scattering properties are obtained when the refractive index of the host medium is complex. The computed scattering
properties are spectral values for the scattering and absorption coefficients, the phase functions, and the index of refraction. We also
present formulas for non-spherical particles. Our extensions are
based in part on new developments in related fields as well as new
contributions that make the theory useful in computer graphics.
Our results include a novel appearance model for milk capable
of predicting the scattering properties based on the concentration of
fat and protein in the milk (see Figure 1). This appearance model
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is in good agreement with previous measurements of milk. We also
include examples of ice with non-spherical inclusions as well as
various types of ocean water. In both these cases the host absorption is visually significant as it is the reason for the expected bluish
appearance of the media. We believe the generalized Lorenz-Mie
theory will provide a useful framework for computing the scattering properties of participating media and scattering materials. To
encourage use of the theory, the source code of our implementation
is published as a supplement to this paper.

1.1

Their numeric evaluation can be found in standard references on
Lorenz-Mie theory [Dave 1969; Bohren and Huffman 1983].
The coefficients an and bn are complex numbers called the
Lorenz-Mie coefficients and computation of these is fairly involved.
Until recently the calculation of an and bn has been carried out
assuming that the host medium is non-absorbing [van de Hulst
1957,1981; Bohren and Huffman 1983; Callet 1996]. This assumption simplifies the computation because the refractive index of the
host medium is then real-valued. This is due to the following fundamental relation between the absorption coefficient σa of a substance
and its complex index of refraction η [Born and Wolf 1999]:

Related Work

In recent years a number of practical methods have been developed for measuring the scattering properties of translucent materials and participating media. Jensen et al. [2001] developed a
method based on diffusion theory and measured the absorption
and reduced scattering coefficients of translucent materials, Tong
et al. [2005] presented a method for measuring the properties of
quasi-homogeneous translucent materials, Hawkins et al. [2005]
developed a laser scanning system for estimating the albedo and
phase function for time varying participating media such as smoke,
and Narasimhan et al. [2006] presented a method based on dilution
for measuring the scattering and absorption coefficients as well as
the phase function. Our theory provides a number of advantages in
comparison to methods based on measurements as it can (a) compute all properties at any desired wavelength, (b) predict the appearance of a material based on a mix of components without actually
having the material, and (c) compute properties for materials (such
as ice) that cannot be measured using existing techniques.
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σa = 4πIm(η)/λ0 ,

where λ0 is the wavelength of light in vacuum and Im takes the
imaginary part of a complex number.

2.1

Particles Embedded in an Absorbing Medium

The Lorenz-Mie coefficients an and bn in Equations 2 and 3, are
composed of the spherical Bessel functions jn (z) and yn (z) in the
following way [Lorenz 1890]:
ψn (z)
ζn (z)

=
=

an

=

bn

=

Scattering in Participating Media

Z

zjn (z)
z(jn (z) − iyn (z))
ηmed ψn0 (y)ψn (x) − ηψn (y)ψn0 (x)
ηmed ψn0 (y)ζn (x) − ηψn (y)ζn0 (x)
ηψn0 (y)ψn (x) − ηmed ψn (y)ψn0 (x)
.
ηψn0 (y)ζn (x) − ηmed ψn (y)ζn0 (x)

(7)
(8)
(9)
(10)

In these equations the primes 0 denote derivative and ηmed and η
are the refractive indices of the host medium and the particle, respectively. The size parameters x and y are defined by:

The propagation of light in participating media is described by the
radiative transport equation [Chandrasekhar 1950]:
(~
ω ·∇)L(x, ω
~ ) = −σt L(x, ω
~ )+σs

(6)

p(~
ω0 , ω
~ )L(x, ω
~ 0 ) dω 0 . (1)

x = 2πrηmed /λ0

,

y = 2πrη/λ0 ,

(11)

4π

where r is the radius of the spherical particle considered.
When the host medium is non-absorbing, the arguments to ζn (x)
and its derivative are real, and this makes it easy to obtain robust
recurrence formulas for their evaluation [Dave 1969; Bohren and
Huffman 1983]. In the case of an absorbing host medium, these
formulas become unstable as they enter the exponential domain and
run out of bounds. To avoid this ill-conditioning, the Lorenz-Mie
coefficients can be rewritten in a form involving only ratios between
the variations ψn and ζn of the spherical Bessel functions [Kattawar
and Plass 1967]

where L(x, ω
~ ) is the radiance at x in direction ω
~ , and σt , σs , and
σa = σt − σs are the extinction, scattering, and absorption coefficients. The phase function p specifies the normalized distribution
of the scattered light. The radiative transport equation provides a
macroscopic view of scattering and absorption within a participating medium, and the only required parameters are σt , σs , and p.
Participating media are often composed of tiny particles that
scatter and absorb light. It is the combined effect of these particles that provides the participating media with its overall scattering
properties. Lorenz-Mie theory makes it possible to compute the
scattering properties of a single homogeneous, spherical particle
embedded in a homogeneous medium. The scattering properties
are computed using the scattering amplitude functions S1 and S2 ,
which describe the scattering of an electromagnetic wave from a
spherical particle [Lorenz 1890; Mie 1908]:
S1 (θ)

=

∞
X
2n + 1
n=1
∞

S2 (θ)

=

n(n + 1)

X 2n + 1
n=1

n(n + 1)

(an πn (cos θ) + bn τn (cos θ))

an

=

bn

=

ψn (x) ηmed An (y) − ηAn (x)
ζn (x) ηmed An (y) − ηBn (x)
ψn (x) ηAn (y) − ηmed An (x)
.
ζn (x) ηAn (y) − ηmed Bn (x)

(2)

(bn πn (cos θ) + an τn (cos θ)) . (3)

=

τn (µ)

=

µπn (µ) − (1 − µ2 )

An (z) =

(4)
dπn (µ)
.
dµ

ψn0 (z)
ψn (z)

,

Bn (z) =

ζn0 (z)
.
ζn (z)

(14)

The ratio An is only numerically stable with downward recurrence. Therefore the following formula is employed for its evaluation [Kattawar and Plass 1967]

The functions πn and τn are related to the Legendre polynomials
Pn as follows:
πn (µ)

(13)

Here An (z) and Bn (z) denote the logarithmic derivatives of ψn (z)
and ζn (z) respectively,
An (z) =

dPn (µ)
dµ

(12)

n+1
−
z



−1

n+1
+ An+1 (z)
z

.

(15)

This formula is also valid for the ratio Bn , but unfortunately it is
unstable for both upward and downward recurrence [Cachorro and

(5)
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Salcedo 1991]. Instead, we use a different formula for Bn which
has been developed by Mackowski et al. [1990] in the field of multilayered particles embedded in a non-absorbing medium. Mackowski et al. developed the formula to compute scattering within a
multilayered particle, but it can also be applied in our case, and it is
numerically stable with upward recurrence for any complex argument [Mackowski et al. 1990]:
Bn (z)
ψn (z)ζn (z)

These are all well defined quantities for particles in a non-absorbing
medium. In an absorbing medium, there is, however, no unambiguous way to determine the part of the extinction which is due to scattering by the particle, because the medium is part of the extinction
process [Bohren and Gilra 1979; Videen and Sun 2003]. Often the
resulting formulas depend on the size of an arbitrary sphere used
only as a mathematical tool for integration. Such expressions are
not physically meaningful and will not be considered here. Both
near-field and far-field effects are discussed in the literature. We
will only consider far-field approximations as they correspond to
a distant observer. Near-field effects are not generally relevant in
graphics as we mostly want to estimate the bulk optical properties
of a participating medium.
Due to the problems discussed above, the extinction cross section, Ct , is the only well defined observable quantity [Bohren and
Gilra 1979]. It is computed using an optical theorem first presented
by van de Hulst [1949; 1957,1981]. The original theorem by van
de Hulst is valid for particles of arbitrary shape and size, but it only
applies to a non-absorbing host medium. To account for an absorbing host, we use a slightly modified equation presented by Bohren
and Gilra [1979]:

i
(16)
ψn (z)ζn (z)
= ψn−1 (z)ζn−1 (z)



n
n
− An−1 (z)
− Bn−1 (z) . (17)
×
z
z
= An (z) +

It remains to give a recurrence relation for the ratio ψn (z)/ζn (z)
in Equations 12 and 13. Recent developments in the context of
multilayered particles, provide a recurrence relation that works well
for small Im(z) [Wu and Wang 1991; Yang 2003]:
ψn (z)
ψn−1 (z) Bn (z) + n/z
=
.
ζn (z)
ζn−1 (z) An (z) + n/z

(18)



S(0)
Ct = 4π Re
k2

The restriction to small Im(z) is not a problem, as a larger Im(z)
means that the host medium is highly absorbing, and in this case
we would not be able to make out the effect of particle scattering.
The amplitude functions (2,3) are defined by an infinite sum, and
in order to get a decent approximation, we must find an appropriate
number of terms M to sum. This is also necessary for initialization
of the downward recurrence (15) computing An (x) and An (y). A
formula determining M , which has both an empirical [Wiscombe
1980; Mackowski et al. 1990] and a theoretical [Cachorro and Salcedo 1991] justification, is





,

Ct =

(19)

=
=
=

Cs =

∞
λ20 X
(2n + 1)Re
2π



1 − ei2z 
1 − e−i2z .



an + bn
2
ηmed


.

(22)

∞

λ20 e−4πr Im(ηmed )/λ0 X
(2n + 1) |an |2 + |bn |2 , (23)
2
2πγ|ηmed |
n=1

i
1
2
1
2

(21)

The scattering cross section Cs cannot be found unambiguously,
but we have to approximate it to evaluate the radiative transport
equation (1) in a rendering. We use a far-field approximation which
has been reported to be consistent with measured data [Randrianalisoa et al. 2006; Yin and Pilon 2006]. The chosen formula is identical to the scattering cross section for transparent media except for
two correction terms; an exponential term and a geometrical term
γ. The formula is

where p = 4.3 gives a maximum error of 10−8 . It is possible to
calculate an approximate initial value for the downward recurrence
(15), but, as explained by Dave [1969], the recurrence is not sensitive to the initial value, and therefore we can arbitrarily choose
AM (z) = 0.
Once A0 (z), . . . , AM (z) are computed for both z = x and z =
y, we can compute Bn (x), ψn (x)/ζn (x), an and bn step by step.
Note, that there is no need to store Bn (x) and ψn (x)/ζn (x) since
they are computed using upward recurrences. These recurrences
should be initialized by
B0 (z)
ψ0 (z)ζ0 (z)
ψ0 (z)/ζ0 (z)

,

where S(0) = S1 (0) = S2 (0) is the amplitude in the forward
direction of the scattered wave, k = 2πηmed /λ0 is the wave number, and Re takes the real part of a complex number. Inserting the
expression for S(0) in the optical theorem (21) we obtain

n=1

M = |x| + p|x|1/3 + 1



where r in the exponential term is the uncertain part of the equation
because it ought to be the distance to where the scattered wave is
observed. This distance is unknown, and consequently it has been
projected to the particle surface, such that r denotes the particle
radius.
The geometrical term γ accounts for the fact that the incident
wave changes over the surface of the particle as a consequence of
the absorbing host medium. It is defined by [Mundy et al. 1974]

(20)

Recall that there is a direct relationship between wavelength λ0
and the size parameters x and y. This tells us that the LorenzMie coefficients are spectrally dependent and should preferably be
sampled at different wavelengths. They are also dependent on the
particle radius r and are valid for spherical particles of arbitrary
size as long as they do not exhibit diffuse reflection (which is only
possible if the particle size greatly exceeds the wavelength and even
so, the surface of the particle might still be smooth) [van de Hulst
1957,1981]. Furthermore the equations provided in this section reveal that the complex refractive index of each particle inclusion, as
well as that of the host medium, are needed as input parameters for
the computations.
Having a robust way to compute the Lorenz-Mie coefficients we
can evaluate the scattering amplitudes using Equations 2 and 3.
Given the scattering amplitudes we can find the extinction and scattering cross sections as well as the phase function of the particle.

γ=

2(1 + (α − 1)eα )
,
α2

(24)

where α = 4πr Im(ηmed )/λ0 and γ → 1 for α → 0.
The precision of the far field approximation (23,24) has recently
been reviewed [Fu and Sun 2006] and compared to experimental
data [Randrianalisoa et al. 2006; Yin and Pilon 2006]. The conclusion is that it (as expected) does not give entirely accurate results,
but it does give physically plausible results. It is also concluded that
significant errors can result if the absorption of the host medium is
ignored (this is especially true when the size parameter x is large).
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The phase function and the asymmetry parameter are the same
in transparent and absorbing media [Yang et al. 2002]. The phase
function for unpolarized light is [van de Hulst 1957,1981]
p(θ) =

4π

|S1 (θ)|2 + |S2 (θ)|2
.
(2n + 1) (|an |2 + |bn |2 )
n=1

P∞

Because we assume that particles scatter light independently,
interference between scattered waves can be ignored for the bulk
medium. This means that wave intensities can be summed to obtain,
for example, a combined scattered wave [van de Hulst 1957,1981].
This is the assumption behind the integral over particle radii (27)
which finds coefficients using cross sections. The same assumption
is used when we go from scattering and extinction coefficients, σs,i
and σt,i , for every individual particle inclusion i ∈ A, to combined
scattering and extinction coefficients for the bulk medium. For the
scattering coefficient the summation is straight forward:

(25)

The asymmetry parameter (which is defined by the integral over
the cosine weighted phase function in all directions) is [van de Hulst
1957,1981]:

P∞ n n(n+2)
n=1

g=

n+1

1
2

Re(an a∗n+1 + bn b∗n+1 ) +

P∞

(2n + 1) (|an

n=1

|2

2n+1
Re(an b∗n )
n(n+1)

+ |bn

|2 )

o

σs =
,

(26)

To determine the macroscopic (or phenomenological) optical properties of a bulk medium in which many small particles are immersed, it is common to assume that the scattering by one particle
can be considered independent of the scattering by another. This is
a good approximation as long as the medium is not extremely dense
(meaning that the distance between the particles should be considerably larger than λ0 [van de Hulst 1957,1981]). If this is not the
case, the radiative transfer equation (1) cannot be used. Supposing
that particles scatter light independently in the medium, the bulk
extinction and scattering coefficients are given by [van de Hulst
1957,1981]

σt = σa,med +

∞

σj (λ0 ) =

Cj (r, λ0 )N (r) dr ,

(27)

gi =

1
σs

Z

rmax

Cs (r)gp (r) dr ,

1
σs

pi (θ) =

rmin

P
g=

r N (r) dr .

(30)

Z

rmax

Cs (r)pp (θ, r) dr
rmin

.

(31)
Once the scattering properties have been determined for each individual particle inclusion, the bulk properties are computed using a
weighted average [Grenfell 1983; Light et al. 2004]:

rmax
3

σt,i ,

and the bulk absorption coefficient is given by the simple relation
σa = σt − σs . These bulk coefficients are never negative.
The asymmetry parameter (26) and phase function (25) are normalized properties related to the amount of scattering by every particle. Say we denote the asymmetry parameter of a single particle
gp (r) and the corresponding phase function pp (r), where r is the
particle radius. The ensemble asymmetry parameter gi and phase
function pi including all the different sizes of a particular type
i ∈ A, are then found by a weighted average, where the weights
are the associated scattering cross sections. In other words, for a
particle inclusion i ∈ A:

where r is the radius of a particle, N (r) is the particle number
density distribution, and j is either t referring to extinction or s
referring to scattering. Of course the integral disappears if the particles are all the same size. But in most natural materials a single
particle radius cannot predict the optical properties correctly. The
integral will, however, always be zero outside some limited interval
[rmin , rmax ] of particle sizes.
Particle size distribution is the common term for distributions
by which the number density can be derived. Particle sizes often
follow a log-normal distribution which is described by a mean particle size µ and a coefficient of variation cv = σ/µ, where σ is
the standard deviation. For completeness we include equations in
Appendix A for the log-normal distribution and the power law distribution which is common for larger particles.
In the following, let A denote the set of homogeneous substances
appearing as particles in the host medium. The number density
N (r) dr specifies the number of particles per unit volume with radii
in the interval dr, and we can find the volume fraction occupied by
a particle inclusion consisting of spherical particles by
4π
v=
3

X
i∈A

0

Z

(29)

Note that volume fractions are not included in this formula, because
they are a part of the number density distributions.
In a transparent medium, the extinction coefficient is defined by
an equivalent sum, but in an absorbing medium an important correction must be made. Since the host medium is a part of the extinction process, a non-absorbing particle will reduce the extinction of
the bulk medium. This means that the extinction cross sections can
be negative [Bohren and Gilra 1979]. The extinction cross section
resulting from the Lorenz-Mie theory is, in other words, relative to
the absorption of the host medium and the necessary correction is
to include the host medium absorption in the sum. For this purpose, we compute the bulk extinction coefficient for particles in an
absorbing medium by

Bulk Optical Properties

Z

σs,i .

i∈A

where the asterisks ∗ denote the complex conjugate.

2.2

X

(28)

i∈A

σs,i gi

σs

P
,

p(θ) =

i∈A

σs,i pi (θ)
σs

.

(32)

Considering the number of Lorenz-Mie expressions required to approximate the true Lorenz-Mie phase function p(θ), it is more practical to either tabulate the phase function or use a mean number density for each particle inclusion in order to avoid the integral (31). It
is also possible to use the bulk asymmetry parameter g in Equation 32 with one of the standard phase functions, e.g. the HenyeyGreenstein phase function [Henyey and Greenstein 1940], or a multilobed phase function where the Henyey-Greenstein function replaces pi (θ) in Equation 32.
To compute the refractive index of the bulk medium, we follow
van de Hulst’s [1957,1981] derivation of a formula for the effective
index of refraction, but remove the assumptions of non-absorbing

rmin

This is important since, in almost any case, either the number density distribution N (r) or the volume frequency r3 N (r) is a measurable particle size distribution. If we have an empirical function
or tabulated data describing either of the size distributions, we can
evaluate the integral (28) and find the volume fraction voriginal of
the particles in the sample from which the size distribution was
originally estimated. This may not be the volume fraction we desire
in our medium. Suppose the volume fraction vi , i ∈ A, is desired
rather than voriginal . Then the measured number density should be
scaled by vi /voriginal .
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media and particles of only one radius. This gives the following
approximate relation for the real part of the bulk refractive index:

This assumption holds true for light that has penetrated some distance into the medium. To take advantage of this property, we modify the Monte Carlo ray tracing such that it switches to a medium
with isotropic scattering and uses a reduced scattering coefficient
σs0 = (1 − g)σs when the path is longer than 10 mean free paths
(10/σt ). This reduces the number of scattering events and thereby
the rendering time for highly forward scattering materials such as
milk and ice by a factor 10-20. The error introduced by using similarity theory after 10 mean free paths is insignificant and has no
influence on the rendered images.

Re(ηbulk (λ0 )) = Re(ηmed (λ0 ))
+λ0

XZ
i∈A

0

∞

Im



Si,r,λ0 (0)
k2


Ni (r) dr .

(33)

The imaginary part of the effective index of refraction is not the
correct imaginary part for the bulk medium, but rather a term related
to the total extinction of the medium. The correct imaginary part is
found by its relation to the bulk absorption coefficient (6).

2.3

4

In this section we demonstrate the generalized Lorenz-Mie theory
on a number of different media. We have computed full spectral
properties (sampled at every 25 nm) for all the materials, and in all
cases the time to compute these profiles was a few seconds. For
rendering we computed RGB representations of the optical properties by weighted averages using the RGB functions for a standard
human observer [Stockman and Sharpe 2000]. Alternatively, we
could have used spectral rendering and tone-mapped the result to
RGB. We chose an RGB representation in order to compare with
existing measurements in graphics.
To compute the optical properties, we need complex indices of
refraction for the homogeneous substances involved and size distributions for the particles. Indices of refraction (including the
imaginary part) are often available in chemical software packages (e.g. PhotochemCAD [Du et al. 1998]), physics handbooks
[Gray 1972; Palik 1985; Lide 2006], and online repositories
(e.g. http://www.luxpop.com/). Particle size distributions can
often be found in optics or chemistry literature, or some mean particle size can be estimated. Once the input parameters have been
obtained for one substance, they may be used in many different
contexts (cf. how minerals and algae are used for both water and
ice below).

Non-Spherical Particles

Lorenz-Mie theory is for spherical particles, but particles are not
always spherical. If non-spherical particles are encountered, it
has been found by Grenfell and Warren [1999] that volume-toarea equivalent spheres give a good approximation of how the nonspherical particles scatter light. To represent a particle of volume
V and surface area A by a collection of spheres, the radius of the
equivalent spheres is [Grenfell and Warren 1999]:
req = 3

V
.
A

(34)

Since the number of equivalent spheres is not equal to the number of non-spherical particles, the number density must be adjusted
accordingly [Grenfell and Warren 1999]:
Neq
3V
=
.
3
N
4πreq

(35)

The equivalent radius req and the equivalent number density Neq
are then used for computation of scattering and extinction coefficients (27) with Lorenz-Mie theory for computation of the corresponding cross sections.
As opposed to equal-volume and equal-area spheres, the volumeto-area equivalent spheres have proven to be quite exact. They have
been tested for cylinders [Grenfell and Warren 1999], hexagonal
columns and plates [Neshyba et al. 2003], and hollow columns and
plates [Grenfell et al. 2005]. In most cases the error is less than 5%.
At least this is true for scattering and extinction coefficients. The
approximation is, as could be expected, less accurate with respect
to the phase function.
In Appendix B we have derived volume, surface area, and equivalent sphere radius for ellipsoids and cylinders. These can be used
directly with Equations 35, 27, and 28.

3

Examples

4.1

Milk

The optically important elements in milk include vitamin B2, fat
globules and casein micelles (protein) [Crofcheck et al. 2002]. To
model the concentration of fat and protein we use wt.-% (g per
100 g milk), since this value is used on contents declarations on the
side of milk cartons. In the remainder of this section we let wf and
wp denote the wt.-% of fat and protein respectively. To translate
wt.-% into volume fractions, we use the density of milk fat ρfat =
0.915 g/mL, the density of milk protein ρprotein = 1.11 g/mL,
and the density of milk ρmilk = 1.03 g/mL [Walstra and Jenness
1984]. Casein micelles make up about 76% of the protein volume
fraction [Fox and McSweeney 1998]. This means that

Rendering Using Similarity Theory
vf =

The scattering properties computed using Lorenz-Mie theory can be
used in most standard rendering systems capable of rendering participating media. Many natural materials are highly scattering as
well as highly forward scattering, and these types of optical properties are particularly challenging for existing rendering algorithms.
This includes the diffusion-based methods [Jensen et al. 2001] that
cannot handle highly forward scattering materials or materials with
significant absorption. Therefore we use Monte Carlo ray tracing
for all our results. Monte Carlo ray tracing is very costly, but it
ensures that the final renderings show the effect of the optical properties without other types of error. For some of the materials the
number of scattering events that an average photon experiences is
very high — for milk it is several thousand events. To reduce the
computational requirements in these cases we make a minor modification to the Monte Carlo ray tracing algorithm using similarity
theory. Similarity theory makes it possible to convert a medium
with anisotropic scattering into a medium with isotropic scattering
and still obtain the same overall appearance [Wyman et al. 1989].

wf /ρfat
100 g/ρmilk

,

vp = 0.76

wp /ρprotein
.
100 g/ρmilk

(36)

The host medium is water in which many different components
are dissolved. The component exhibiting the most significant absorption in the visible range is vitamin B2 (riboflavin). Spectral
data for the absorption of vitamin B2 can be found in the PhotochemCAD application1 [Du et al. 1998], and in Appendix C we
have listed the resulting imaginary part of the milk host medium.
Note, that there is significant absorption for shorter wavelengths.
The Complex refractive index for milk fat has been reported by
Michalski et al. [2001]. The real part is approximately Re(ηfat ) =
1.46, the imaginary part is included in Appendix C. Casein micelles
only scatter light and the refractive index is ηcasein = 1.503 in the
visible range [Attaie and Richtert 2000].
The volume frequency of the fat globules follows a log-normal
distribution [Walstra 1975] (see Appendix A). The mean of the
1 See http://omlc.ogi.edu/spectra/PhotochemCAD/abs html/riboflavin.html
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σs′
[mm−1 ] 7

volume-to-surface area equivalent sphere radii rvs,fat of the fat
globules change depending on the volume fraction of the globules
in the milk. By a least-squares, two-piece fit to measured data reported by Olson et al. [2004], we have found a functional expression
describing this relationship:

6

5


r43,fat =

−0.2528 wf2 + 1.419 wf
1.456 wf0.36

for wf < 2.0
,
otherwise

(37)

4

where r43,fat is measured in µm. The relationship between r43,fat
and rvs,fat is [Walstra 1975]
rvs,fat = r43,fat /(c2v,fat + 1) .

3

2

(38)

1

The radius r43,fat is used since it can be estimated with good accuracy [Walstra 1975]. The coefficient of variation cv,fat is usually
between 0.4 and 1.2 in normal milk. We use cv,fat = 0.6 in our
computations. Reasonable limits for the range of fat globule radii
are rmin,fat = 0.005 µm and rmax,fat = 10 µm.
For casein micelles Schmidt et al. [1973] found that rvs,cas =
43 nm and showed that a log-normal distribution (Appendix A) of
r/(rmax,cas − r) fits the volume frequency distribution well. The
limits for the casein micelle radii are rmin,cas = 0 and rmax,cas =
150 nm.
All necessary input is now available such that we can compute
the optical properties as follows:

0
0

σs

=


g

wf

10

[wt.-%]

=

#
(40)

(18.63wp + (σsR − 213.5wp )g̃(wf )R )/σsR
(37.79wp + (σsG − 338.3wp )g̃(wf )G )/σsG
(96.69wp + (σsB − 614.0wp )g̃(wf )B )/σsB


. (41)

A two-piece fit is needed for the asymmetry parameter, and consequently the g̃ function in Equation 41 is given by

"
g̃(0 < wf < 0.7)

g̃(wf ≥ 0.7)

=

=

0.9523wf−0.0120 eh2 (ln(1/wf ))R

#

0.9539wf−0.00783 eh2 (ln(1/wf ))G
0.9554wf−0.000161 eh2 (ln(1/wf ))B

"

4. Finally bulk extinction coefficient σt , bulk scattering coefficients σs , bulk absorption coefficient σa , bulk asymmetry parameter g, and effective refractive index are computed (Equations 29,30,32,and 33).

0.9576wf0.00911 eh3 (ln(wf ))R
0.9585wf0.00783 eh3 (ln(wf ))G
0.9577wf0.00531 eh3 (ln(wf ))B

(42)

#
.

(43)

If wf = 0, replace g̃ by 0 and ln(wf ) by 0. Finally the functions
h1 , h2 , and h3 are the following RGB vector polynomials



This procedure can be used for arbitrary volume fractions of casein
micelles and fat globules, and it is the same for other participating
media if we swap fat globules and casein micelles for a different set
of particles.
Figure 1 shows several rendered glasses containing water, vitamin B2, protein and fat in various combinations. The optical properties for all glasses containing protein or fat, have been computed
using the theory we present. The resulting images of milk capture important visual properties such as the red shadow in skimmed
milk and the increasingly white appearance as the percentage of fat
is increased.

h1 (x)

=

h2 (x)

=



h3 (x)

=

−0.00129x4 + 0.0305x3 − 0.219x2
−0.00149x4 + 0.0327x3 − 0.213x2
−0.00206x4 + 0.0373x3 − 0.202x2
−0.0386x3 − 0.00543x2
−0.0368x3 + 0.00266x2
−0.0334x3 + 0.0111x2



0.000281x3 − 0.00366x2
0.000379x3 − 0.00401x2
0.000509x3 − 0.00429x2




(44)

(45)

.

(46)

The absorption and scattering coefficients in this appearance model
have the unit m−1 . For every band of the three optical properties
(39,40,41) the maximum error is 10.2%. This error band only excludes input parameters where wf < 0.05 wt.-%. The maximum
error occurs in the blue band of the absorption coefficient. For the
majority of the possible input parameters, the error rarely exceeds
2% in all bands of all properties.
In Figure 2, we have plotted measurements by Jensen et
al. [2001] and by Narasimhan et al. [2006] against the curves given
by our milk model when protein content is wp = 3 wt.-%. Since the
contents of the milk used for the measurements are not known, we
have placed the measurements where they best fit the curves. The
fat content estimated for the measurements by Jensen et al. [2001]

An Appearance Model for Milk

Being able to compute the scattering properties of milk, we can construct an appearance model parameterized by the amount of fat and
protein in the milk. These two parameters can be adjusted to model
most types of milk. We have obtained the following RGB vector
functions by least squares fits to the computed optical properties:
1.381 − 0.008600wp + 1.209wf
2.201 − 0.01459wp + 1.982wf
10.13 − 0.07048wp + 4.170wf

8

213.5wp + 15631wf1.24 eh1 (ln(wf ))R
338.3wp + 18349wf1.15 eh1 (ln(wf ))G
614.0wp + 22585wf1.01 eh1 (ln(wf ))B

"

3. Scattering coefficient σs,i , extinction coefficient σt,i , and
combined asymmetry parameter gi are determined for each
particle inclusion i ∈ {fat, casein} (Equations 27, and 31).



6

Figure 2: Reduced scattering coefficients
= (1 − g)σs measured by
Jensen et al. [2001] (circles) and Narasimhan et al. [2006] (squares) and
plotted against our appearance model for milk as a function of fat content
wf . Protein content is constant at 3 wt.-%.

2. For every wavelength sampled and every particle radius considered, we evaluate the Lorenz-Mie coefficients an and bn
(Equations 19,15,20,16,17,18,12, and 13), and we compute
the extinction cross section Ct , scattering cross section Cs ,
and asymmetry parameter gp (Equations 22,23,24, and 26).

=

4

σs0

1. Number density of fat globules and casein micelles are determined such that they constitute the desired volume fractions
(Equations 28,49,50, and 50).

σa

2


(39)
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valgal

Region
Atlantic
Baltic
Channel
Mediterranean
North Sea

vmineral
−7

1.880 · 10
1.904 · 10−6
4.999 · 10−7
3.878 · 10−7
2.171 · 10−6

2.477 · 10−10
5.429 · 10−7
2.300 · 10−7
3.075 · 10−7
2.077 · 10−6

Atlantic

Table 1: Volume fraction of algae and minerals contained in coastal and
oceanic waters around Europe. Data provided by Babin et al. [2003a] have
been translated into the volume fractions given here.

The key ingredients in natural water are suspended algae and minerals. Deep water would appear black (except for the surface reflection) in the absence of scattering particles. For natural waters we use the following particle properties reported by Babin et
al. [2003b; 2003a]:
Mineral

Algae

Re(η)
Im(η)

1.58
Appendix C

1.41
Appendix C

r

0.01-100 µm

0.225-100 µm

N (r)

vmineral
(2r)−3.4
10.440

valgal
(2r)−3.6
4.9735

Input

Brine

Air

Re(η)
Im(η)

1.34
Appendix C

1.00
0.0

r

0-14.6 mm

0.1-2.0 mm

N (r)

see below

vmineral −1.24
r
10.278


γ(`) =

1
10.3 ` 0.67

for ` ≤ 0.03 mm
otherwise

.

(47)

All three types of brine particles are distributed according to the
power law in Appendix A with the exponent α = 1.96 where `
is given in mm. Brine bubbles account for 2% of the total brine
volume, pockets for 6%, and tubes for the remaining 92% [Light
et al. 2003]. This and the equations in Appendix B makes it possible
to compute an equivalent number density distribution of spheres
for each brine particle type. Finally the relation between volume
fraction and number density (28) can be employed to replace the
unknown factor in the distributions by

For the host medium we use Re(ηbrine ) = 1.34 and the imaginary
part for the refractive index for brine given in Appendix C.
Common volume fractions for different seas around Europe are
given in Table 1, and Figure 3 shows rendered images of four different marine areas. The areas are all illuminated by the same atmospheric lighting model and the color difference in the images are
only due to the optical properties of the water. Note, how increasing the amount of minerals gives the water a lighter blue color. The
blue color is due to absorption in the water (host) medium. Increasing the amount of algae makes the water more green, which can be
seen in the rendering of the North Sea.

4.3

North Sea

Spectral data for the complex refractive index of ice have been compiled by Warren [1984]. In the visible range, The real part is almost
constant at Re(ηice ) = 1.31. The imaginary part can be found in
Appendix C.
When water freezes in the sea, brine is trapped between vertical
platelets of pure ice [Grenfell 1983]. If the freeze continues (below
−2 °C) the initial platelet formation closes off and becomes scattering inclusions formed as cylindrical brine tubes, smaller ellipsoidal
brine pockets, and very small spherical brine bubbles [Light et al.
2004]. Let ` denote the length of the non-spherical brine inclusions.
For ` < 0.03 mm the brine inclusions are spherical (bubbles), but
for 0.03 mm < ` < 0.5 mm the brine particles are shaped as prolate ellipsoids (pockets) and for 0.5 mm ≤ ` ≤ 14.6 mm they
are circular cylinders (tubes) [Light et al. 2003]. The length-todiameter ratio of the brine particles follows the power law [Light
et al. 2003]:

Natural Waters

Input

Baltic

in the ice. The latter two particle types were addressed in the previous section. For brine and air we use the following properties:

could very well be the fat content of the original milk. For the measurements by Narasimhan et al. [2006] we had to overestimate the
fat content (except for the lowfat case). The reason for this discrepancy is very likely due to problems caused by the dilution used for
the measurements. If we increase the mean particle size and coefficient of variation in the fat globule size distribution, we are able to
obtain results almost identical to the measurements by Narasimhan
et al. [2006] without over-estimation of the fat contents. An increase of these two parameters corresponds exactly to the effect of
milk dilution [Walstra 1975]. Dilution also explains the unexpected
behavior of the asymmetry parameters measured by Narasimhan et
al. [2006]. As compared to our computations, they seem to start out
too high and decrease too quickly with increasing fat content.
Because milk is highly scattering, its absorption coefficient is
very difficult to measure. Measured absorption coefficients are,
however, still of the same order of magnitude as the predicted ones
and they all exhibit the behavior σa,R < σa,G < σa,B . If we had
ignored the absorption in the host medium in the Lorenz-Mie calculations, the absorption coefficient would only depend on fat content
and would under-estimate the absorption in the blue band by more
than a factor 48 for skimmed milk, while the smallest error is in the
red band where it is −96%.

4.2

Mediterranean

Figure 3: Rendered images of different types of coastal and oceanic waters
of increasing mineral and algal content.

N∗ =

4π
3

R rmax
rmin

v
.
req (`)Neq (`) d`

(48)

Different types of ice can be constructed by different choices
of air and brine volume fractions, and minerals and algae can be
included in the same way as they were included in water in Section 4.2 (particle sizes of algae and minerals may need adjustment
to larger sizes in ice as compared to water). As examples, we have
found optical properties of ice resulting from compacted snow and
white first-year ice. Renderings of these two types of ice as well
as pure ice for comparison, are presented in Figure 4. The contents
of brine and air in compacted snow are vbrine = 8.0 · 10−4 and
vair = 2.3 · 10−4 .
The importance of using volume-to-area equivalent spheres (see
Sec. 2.3) is very significant. At −15°C Light et al. [2004] measured a reduced scattering coefficient of σs0 ≈ 8 in first-year sea-ice

Ice

Ice in itself is a pure substance, but in reality we hardly ever see it
in its pure form. Most ice contains air particles and sea ice also contains brine pockets. In addition, minerals and algae may be present
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Pure ice

Compacted snow

White ice

Figure 4: The Stanford dragon model rendered using different types of ice. The dragon is 50 meters long and at this size it shows the effect of absorption by
the ice. This absorption is the reason for the blue light transmitted through the pure ice, the cold blue light of the compacted snow and the deep blue light in
the shadow regions of the white ice dragon.

5

10am

Conclusion and Future Work

We have presented a novel generalization of the Lorenz-Mie theory for computing the scattering properties of participating media.
Our generalization includes a set of robust recurrence formulas that
makes it possible to compute the scattering amplitudes of particles
within an absorbing host medium. We have shown how to handle non-spherical particles, and we have presented a framework
for computing the bulk optical properties for a given participating
medium based on its particle contents.
The generalized Lorenz-Mie theory makes it possible to compute optical properties for the large class of materials composed of
particles (possibly non-spherical) in an absorbing host. Previously
in graphics it has only been possible to obtain optical properties for
such materials through measurements. Our theoretical approach offers a number of advantages in comparison to measurement-based
approaches since it can compute all optical properties of a medium
at any given wavelength, and it can handle materials such as ice
which cannot be measured using existing techniques in graphics.
To demonstrate the theory, we have presented a novel appearance model for milk parameterized by the fat and protein contents.
Our appearance model can predict previous measured values and it
allows us to estimate the fat and protein contents of milk for which
optical properties have been measured. We have also computed optical properties for different types of ocean water and ice. These
examples demonstrate the importance of taking an absorbing host
medium and non-spherical particles into account.
In the future, we would like to use the theory to estimate the
contents of measured materials such as those by Narasimhan et
al. [2006]. Such an approach could have interesting perspectives
with respect to food and material sciences. It would also be interesting to generalize the theory further in order to support coated and
multi-layered particles such as soot within the host medium.

7pm

Figure 5: A blue iceberg at noon turns green in the evening. These bottle
green icebergs are one of nature’s peculiarities. We simulated the properties
of the green iceberg shown in these images by including a small amount
of minerals and only very little air and brine in the ice. The atmospheric
lighting model uses Rayleigh scattering to obtain the spectral radiance for
the skylight and the sun.

samples with volume fractions vair = 0.006 and vbrine = 0.02. If
the shape of the brine inclusions is ignored and all brine is included
as bubbles, we get a significant over-estimation, σs0 ≈ 30. If volume equivalent spheres are employed, the reduced scattering coefficient is underestimated as σs0 ≈ 6.4. The volume-to-area equivalent
spheres are a much better choice giving σs0 ≈ 8.1.
One of natures peculiar phenomena is bottle green icebergs. This
type of iceberg is almost free of brine and air inclusions [Dieckmann et al. 1987; Warren et al. 1993]. They do, however, contain
some gray scattering inclusions that we model as minerals. To account for these minerals in the ice, we change the exponent used
with the number density distribution in the ocean water case to
α = 1.5. We then include a tiny fraction of brine and a very small
fraction of air, as well as a volume fraction of minerals which is
vmineral = 1.5 · 10−7 . A theory for the bottle green sometimes
observed in these very clean icebergs, is that their color depends
on the light incident through the atmosphere [Lee 1990]. Therefore
the ice will look clean and very transmissive during the day, but
when sun begins to set, and the spectrum of the incident light shifts
towards red wavelengths, the minerals in the iceberg shift the spectrum such that the ice gets a dark green appearance. The rendered
bottle green iceberg shown in Figure 5 illustrates the very different
appearance of this type of iceberg at two different times of the day.
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A

Common Size Distributions

The log-normal distribution with mean value µ and standard deviation σ is as follows (for a particle volume frequency)
r3 N (r) =

1
√

ln r−α
β

−1
2

rβ 2π

e

2
,

(49)

where r is the particle radius and
α = ln µ −

1
ln
2





σ2
+1
µ2

,

β=

r 
ln

σ2
+1
µ2



.

(50)

The power law distribution is N (r) = N∗ r−α , where α is usually determined empirically and N∗ is a constant which can be determined by the relationship between number density and volume
fraction (28).

B

Non-Spherical Particle Formulas

We present analytic formulas for two common non-spherical particle shapes found in scattering media.

B.1

Ellipsoids

Given a particle with length ` and length-to-diameter ratio γ. The
surface area and volume of a prolate ellipsoid are:
π `2
Ael =
2 γ2



sin−1 ε
1+γ
ε


and Vel =

π `3
,
6 γ2

p

where ε = 1 − 1/γ 2 is the ellipse eccentricity. The radius of the
volume-to-area equivalent sphere is
req,el =

B.2

`ε
.
ε + γ sin−1 ε

Cylinders

For a circular cylinder with length ` and length-to-diameter ratio γ:
Acy =

C

π `2
(1 + 2γ) ,
2 γ2

Vcy =

π `3
4 γ2

,

req,cy =

3`
.
2 + 4γ

Imaginary Part of Refractive Indices
λ0
[nm] water1
375
400
25
50
75
500
25
50
75
600
25
50
75
700
25
50
775

fat3

4.59e−10
3.38e−10
2.23
3.05
4.04
7.76e−10
1.69e−9
2.42
3.48
1.05e−8
1.40
1.76
2.40
3.44e−8
8.51
1.47e−7
1.49e−7

4.0e−6
6.4e−6
8.6
1.1e−5
1.1
1.0e−5
4.7e−6
4.6
4.7
4.9e−6
5.0
5.0
5.1
5.2e−6
5.2
5.2
5.2e−6

Im(η)
water + B24 mineral5

algae6

ice7

2.93e−7 2.12e−3 1.84e−4 2.42e−11
2.60e−7 1.66e−3 1.96e−4 2.37e−11
3.36
1.30
2.89
3.52
4.10
1.01
3.11
9.24
3.33
7.84e−4 2.79
2.38e−10
1.08e−7 6.07e−4 2.14e−4 5.89e−10
5.64e−8 4.59
1.26
1.24e−9
6.02
3.61
8.19e−5 2.29
7.91
2.77
5.57
3.80
7.95e−8 2.13e−4 6.03e−5 5.73e−9
8.58
1.63
7.86
9.50
9.32
1.25
1.00e−4 1.43e−8
7.37
9.52e−5 2.53
1.99
1.14e−7 7.26e−5 3.91e−5 2.90e−8
1.33
5.53
3.91
4.17
2.20
4.20
3.91
5.87
2.35e−7 3.19e−5 3.91e−5 9.37e−8
In this table, we use the notation xe−y = x · 10−y
1 Data from Pope and Fry [1997] for 380 − 700 nm. Remaining from Hale and Query [1973].
2 Data for pure water1 corrected using slopes from Pegau et al. [1997].
3 Data from Michalski et al. [2001].
4 Data from the PhotochemCAD application [Du et al. 1998].
5 Example spectrum computed using results from Babin et al. [2003b].
6 Example spectrum computed using data from Bricaud et al. [1995].
7 Data from Warren et al. [2006] for 375 − 600 nm. Remaining from Grenfell and Perovich [1981].

10

3.39e−10
2.11e−10
1.62
3.30
4.31
8.12e−10
1.74e−9
2.47
3.53
1.06e−8
1.41
1.76
2.41
3.48e−8
8.59
1.47e−7
1.49e−7

brine2

